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Time-dependent eletron transport through a quantum dot and
double quantum dot systems in the presene of polyhromati
external periodi quantum dot energy-level modulations is studied
within the time evolution operator method for a tight-binding
Hamiltonian. Analytial relations for the d-urrent owing
through the system and the harge aumulated on a quantum
dot are obtained for the zero-temperature limit. It is shown that
in the presene of periodi perturbations the sideband peaks of
the transmission are related to ombination frequenies of the
applied modulations. For a double quantum dot system under the
inuene of polyhromati perturbations the quantum pump eet
is studied in the absene of soure-drain and stati bias voltages.
In the presene of spatial symmetry the harge is pumped through
the system due to broken generalized parity symmetry.
1. Introdution
Reently, onsiderable progress has been ahieved
in fabriating low dimensional systems and many
experimental and theoretial works have been put
forward. Espeially interesting are quantum systems
under the inuene of external radio or mirowave
eletromagneti radiation perturbations where many
interesting eets are observed like photon assisted
tunneling (PAT) [1, 2℄, turnstile eets and photon-
eletron quantum pumps [35℄, ondutane osillations
[6℄, and alike [7℄.
The symmetry of quantum dot (QD) systems (with
no soure-drain voltage) plays the ruial role as
onerns eletron pumping eets. Generally, one an
onsider symmetries like time-reversal symmetry, time-
reversal parity and generalized parity [7℄.
A single eletron pump based on asymmetrial
ouplings between QD and the left and right eletrodes
was onsidered in Ref. [4℄. The ouplings were swithed
on and o alternatively from zero to maximal values (by
means of additional eletrodes) and it led to eletron
pumping. A similar eet an be ahieved for dipole
driving fores applied to a double QD system (in the
large gate voltage regime) or to quantum wires. In
this ase one QD site is driven by the external dipole
interation whih is out of phase in omparison with
the perturbation applied to the seond QD site (the QD
sites are not driven in homogeneous way), e.g. [712℄.
However, in the presene of spatial symmetry (and in
absene of a soure drain and stati gate voltages) it
is also possible to pump eletrons but the symmetry
must be broken in a dynamial way. The easiest way
to break the time-reversal symmetry is to add a seond
harmoni to the driving system; i.e. a so alled harmoni
mixing drive [7,13,14℄, or in general the seond external
perturbation with an arbitrary frequeny, [15℄. In suh
a ase, depending on the parameters of these two time-
dependent perturbations perturbations the generalized
parity an be broken and nonvanishing urrent an ow
through the system [7,13, 16℄.
There are few studies whih address the eletron
transport through low-dimensional systems in the
presene of several polyhromati external perturbations
with arbitrary frequenies. Due to numerial problems,
most of them onentrate on the ase of ommensurate
frequenies or only bi-harmoni perturbations. It was
shown that the external bi-harmoni time-dependent
perturbations an be used to ontrol the noise level
in quantum systems [9, 17℄ or, as well, for routing
optially indued urrents [18, 19℄. The shot noise for
a single level quantum dot under the inuene of
two a external perturbations (oherent or inoherent)
was analyzed in Ref. [15℄. The oherent destrution of
tunneling [20℄ and the assoiated dynamial loalization
in quantum dots under the inuene of a time-dependent
perturbation with many harmonis were investigated
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in Ref. [21℄. Moreover, dissipative quantum transport
in one or two dimensional periodi systems that are
subjeted to eletri harmoni mixing perturbations (bi-
harmoni) were studied in Refs. [2224℄. The nonlinear
signal onsisted of e.g. two retangular-like driving fores
whih in turn allow to ontrol overdamped transport in
Brownian motor devies, [16, 2527℄.
In this paper we shall investigate the inuene of
polyhromati time-dependent energeti perturbations
with arbitrary (ommensurate and inommensurate)
frequenies applied to the QD or double QD system
attahed to leads for harge aumulated on the QD
and the time-averaged, d-urrent owing through
the devie. For a double QD system we propose a
quantum pump whih is based on a sheme whih
mimis losely a dipole-like perturbation. Thus, our work
an be treated as a generalization of the studies of
the eletron transport through a QD or double QD
systems aeted by one external perturbation or bi-
harmoni eletri time-dependent a-perturbations with
arbitrary frequenies. A tight-binding Newns-Anderson
Hamiltonian and evolution operator method are used in
our alulations.
The paper is organized as follows. In Se. 2. the model
Hamiltonian and theoretial desription of a single level
quantum dot are presented. Also analytial relations
for the time-averaged urrent and time-averaged harge
on the QD are obtained and numerial results are
depited and interpreted. In Se. 3. the urrent through
a double QD system is obtained and the pumping eet
is disussed. The last setion, Se. 4., is devoted to
onlusions.
2. Single-Level Quantum Dot
2.1 Theoretial desription
In this setion, starting from the seond quantization
Hamiltonian and using the evolution operator method
we obtain the harge aumulated on a QD and the
urrent owing through the system under the inuene
of many external time-dependent perturbations. Our
system onsists of a single level quantum dot and two
onneting eletron eletrodes, left (L) and right (R).
The total Hamiltonian is then given by H = H0 + V ,
where
H0 =
∑
~kα=L,R
ε~kαc
+
~kα
c~kα + εd(t)c
+
d cd , (1)
V =
∑
~kL
V~kLc
+
~kL
cd +
∑
~kR
V~kRc
+
~kR
cd + h.c. (2)
The operators c~kα(c
+
~kα
), cd(c
+
d ) are the annihilation
(reation) operators of the eletron in the lead α (α =
L,R) and at QD, respetively. The QD is oupled
symmetrially to the leads through the tunneling
barriers with the transfer-matrix elements V~kL and
V~kR (hopping integrals). For the role of asymmetri
lead-moleule oupling see in Refs. [28, 29℄. The
eletron-eletron Coulomb interation is negleted in our
alulation, f. [7, 15, 30℄.
External perturbations are applied to the QD (the
QD energy level is driven in time by time-dependent a-
voltages). We onsider here a harmoni modulation of
the external energy level perturbations applied to the
QD, i.e.
εd(t) = εd +
n∑
i=1
∆i cos(ωit+ φi) (3)
where ωi, ∆i and φi are the frequeny, driving amplitude
and phase of i-th perturbation.
The urrent owing through the system and harge
loalized at QD an be desribed in terms of the time
evolution operator U(t, t0) given by the equation of
motion (in the interation representation, ~ = 1), i.e.,
i
∂
∂t
U(t, t0) = V˜ (t)U(t, t0) , (4)
where V˜ (t) = U0(t, t0)V (t)U
+
0 (t, t0) and U0(t, t0) =
T exp
(
i
∫ t
t0
dt′H0(t
′)
)
. The knowledge of the
appropriate matrix elements of the evolution operator
U(t, t0) allows us to nd the harge aumulated on the
QD, nd(t) (f. [6, 31, 32℄), whih is given by:
nd(t) =
∑
β
nβ(t0)|Ud,β(t, t0)|
2 , (5)
where nβ(t0) represents the initial lling of the
orresponding single-partile states (β = d,~kL,~kR). The
urrent owing e.g. from the left lead an be obtained
from the time derivative of the total number of eletrons
in the left lead, f. [33℄:
jL(t) = −ednL(t)/dt , (6)
where nL(t) an be expressed as follows:
nL(t) =
∑
~kL
n~kL(t) =
∑
~kL
∑
β
nβ(t0)|U~kL,β(t, t0)|
2 . (7)
Using Eq. 4 the following dierential equations for
Ud,β(t, t0) and U~kL,β(t, t0) matrix elements whih are
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needed to obtain the urrent and QD harge, an be
written in the form:
i
∂
∂t
Ud,β(t, t0) =
∑
~kα=L,R
V˜d,α(t)Uα,d(t, t0) (8)
i
∂
∂t
U~kL,β(t, t0) = V˜~kL,d(t)Ud,β(t, t0) (9)
where nonzero elements of the funtion V˜ are
V˜d,~kα = V˜
∗
~kα,d
= V ∗~kα exp
(
i
∫ t
t0
(εd(t
′)− ε~kα)dt
′
)
(10)
Next, using the wide band limit approximation
Γα(ε) = 2π
∑
~kα V~kαV
∗
~kα
δ(ε − ε~kα) = Γ
α
and assuming
ΓL = ΓR = Γ one an nd the following relation for
Ud,d(t) matrix element (t0 = 0): Ud,d(t) = exp (−Γt),
and similar for Ud,~kα(t) and U~kL,β(t):
Ud,~kα(t) = −i exp (−Γt)
∫ t
0
dt′V˜d,~kα(t
′) exp (Γt′) (11)
U~kL,β(t) = −i
∫ t
0
dt′V˜~kL,d(t
′)Ud,β(t
′) (12)
Note, that for t → ∞ the element Ud,d(t) tends to
zero and thus the harge aumulated on the QD
does not depend on the initial QD oupation nβ(t0)
for large t. Also the urrent owing through the
system is independent on nd(t0) beause the element
d
dt
∑
~kL nd(t0)|U~kL,d(t)|
2
tends to zero for t → ∞.
Finally, the QD harge an be written in the form:
nd(t) =
∑
~kα=L,R
n~kα(t0)|Ud,~kα(t)|
2
(13)
and the urrent through the system reads (e = 1):
jL(t) = Γnd(t) + Im

∑
~kL
n~kL(t0)V˜~kL,d(t)Ud,~kL(t)


(14)
Eq. 13 and Eq. 14 are very general relations whih should
be analyzed using Eq. 10 and Eq. 11. The relation for
the urrent, Eq. 14, has the struture whih an be
written by means of the transmission TLR and TRL,
i.e. jL(t) =
∑
~kL n~kL(0)TLR(t) −
∑
~kR n~kR(0)TRL(t),
but note that in general TLR(t) 6= TRL(t). In order to
obtain the urrent one should know the exat form of
V˜d,~kα funtion. Using the time-dependene relation for
the QD-energy level, Eq. 3, and assuming φi = 0, the
elements V˜d,~kα, Eq. 10, an be expressed as follows:
V˜d,~kα = V
∗
~kα
ei(εd−ε~kα)t
n∏
i=1
∑
mi
Jmi
(
∆i
ωi
)
eimiωit (15)
and the solution of Eq. 11 for the evolution operator
elements an be written in the form:
Ud,~kα(t) = −V
∗
~kα
ei(εd−ε~kα)t ×
∑
m1
...
∑
mn
Jm1
(
∆1
ω1
)
...Jmn
(
∆n
ωn
)
eiΩt
εd − ε~kα +Ω− iΓ
(16)
where mi ∈ (−∞,∞) and is an integer number, Ω =
m1ω1 + ... + mnωn and Ji is the Bessel funtion.
Next, we obtain the d urrent through the system,
j0 = 〈j(t)〉 = limT→∞
1
T
∫ T/2
−T/2 j(t
′)dt′, whih an be
symmetrized, j0 = 〈jL(t)〉 = (〈jL(t)〉 − 〈jR(t)〉) /2, and
nally we nd:
j0 =
Γ
2π
∫
∞
−∞
(fR(ε)− fL(ε))T (ε) (17)
where fL/R(ε) is the Fermi funtion of L/R eletrode
and the transmission reads
T (ε) = Γ2
∑
m1
...
∑
mn
∑
m
′
1
...
∑
m′
n
δΩ−Ω′ × (18)
Jm1
(
∆1
ω1
)
...Jmn
(
∆n
ωn
)
Jm′
1
(
∆1
ω1
)
...Jm′
n
(
∆n
ωn
)
(εd − ε+Ω)2 + Γ2
where Ω
′
= m
′
1ω1 + ... + m
′
nωn. Note, that
for inommensurate frequenies the Kroneker Delta
funtion δΩ−Ω′ is nonzero only for m
′
i = mi and thus
the transmission an be written in the following short
form:
T (ε) = Γ2
∑
m1
...
∑
mn
J2m1
(
∆1
ω1
)
...J2mn
(
∆n
ωn
)
(εd − ε+Ω)2 + Γ2
(19)
This equation is valid also for the ase when there is
large dierene between frequenies ωi. Note, that the
transmission, (Eqs. 18 and 19), orroborates with the
results obtained by means of Green's funtion method
for a quantum wire driven by homogeneous external
perturbations, [30℄.
The relation for the urrent, Eq. 17, has the struture
of the Landauer formula. We note that the struture
in Eq. (17) involves, in lear ontrast to a eletri
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eld dipole perturbation [7℄, no inelasti photon-assisted
tunneling events. This is so beause with the time-
dependent energy level perturbation used here the long
time-average of TLR(t) and TRL(t) equals TLR(ǫ) =
TRL(ǫ). For zero temperature and for inommensurate
frequenies of external perturbations the d-urrent an
be obtained analytially from the relation:
j0 = Γ
∑
m1
...
∑
mn
J2m1
(
∆1
ω1
)
...J2mn
(
∆n
ωn
)
× (20)
(
arctan
εd − µL − Ω
Γ
− arctan
εd − µR − Ω
Γ
)
Note that for µL = µR the d urrent is zero.
The orresponding analytial relation for the
aumulated quantum dot d-harge; i.e. n0 = 〈nd(t)〉 =
limT→∞
1
T
∫ T/2
−T/2 nd(t
′)dt′ reads:
n0 =
1
2π
∑
m1
...
∑
mn
J2m1
(
∆1
ω1
)
...J2mn
(
∆n
ωn
)
× (21)
(
π − arctan
εd − µL − Ω
Γ
− arctan
εd − µR − Ω
Γ
)
It is worth noting that for εd << µ (εd >> µ) the
harge aumulated on the QD is maximal (minimal).
The relations for the d urrent, Eq. 20, and for the QD
harge, Eq. 21, onstitute the main analytial relations
of this setion.
2.2 QD aumulated harge and d urrent
In this setion we analyze the QD harge and the
d urrent owing through a quantum dot driven by
polyhromati perturbations. All energies are expressed
in the units of Γ0 and in order to obtain rather narrow
sidebands peaks we assume Γ = 0.2Γ0 (taking the
unit of energy Γ0 = 0.05eV it orresponds to Γ =
0.01eV ). For larger Γ all sideband peaks are wider and
it is diult to observe many-perturbation eets. The
urrent and the ondutane are given in units of 2eΓ0/~
and 2e2/~, respetively. Moreover, we show numerial
alulations for two external perturbations ase but the
generalization for more perturbations is obvious.
In Fig. 1 the QD harge (upper panel) and the d
urrent owing through the system (lower panel) are
shown for two external perturbations applied to the
system (ω1 = 3, ω2 = 8, ∆1 = 4, ∆2 = 8) - thik lines.
The frequenies are ommensurate but there is large
dierene between them and the transmission obtained
form Eq. 18 and Eq. 19 are almost the same. Physially
it means that eight-photon adsorption/emission proess
based on the third sideband peak should our to play
the role in the transmission, (8ω1 = 3ω2), but this is
unlikely proess. The broken lines orrespond to the
single external perturbation ase, i.e. ∆2 = 8 (∆1 = 0)
- thin broken lines and ∆1 = 4 (∆2 = 0) - thik broken
lines, respetively. The hemial potentials are rather
small, µL = −µR = 0.1, and the urrent peak for εd = 0
(lower panel) is observed for mono and polyhromati
ases (it appears also for the time-independent ase).
 0
 0.2
 0.4
 0.6
 0.8
        
n
0
n
0
n
0
-0.2
-0.1
 0
 0.1
 0.2
-2 0 2 4 6 8 10 12
j 0
 εd
ω1
ω2
2ω1
A1 A2B1j 0j 0
Fig. 1. QD harge (upper panel) and the d urrent (lower panel)
as a funtion of εd for ∆1 = 4 and ∆2 = 8 (thik lines), ∆1 = 4,
∆2 = 0 (thik broken lines) and ∆1 = 0 and ∆2 = 8 (thin broken
lines), respetively. The other parameters are ω1 = 3, ω2 = 8,
µL = −µR = 0.1, Γ = 0.2. The thik (thin) broken line on the
lower panel is shifted by -0.1 (-0.2) for better visualization.
For only one external perturbation applied to the QD,
ω = 3 (or ω = 8), the sidebands peaks are visible for
εd = ±kω, where k is an integer number. However, for
the ase when two external perturbations are applied
simultaneously to the QD, additional sideband peaks
appear. Of ourse the single peaks from the rst and
the seond elds are still visible i.e. for εd = ω1, 2ω1 or
ω2. In Fig. 1, additional d urrent peaks are indiated
by points A1, A2 (rst-order sidebands) and B1 (seond-
order sideband). A1 (A2, B1) sideband peak appears for
εd = ω2 − ω1 (εd = ω2 + ω1, εd = ω2 − 2ω1) and
is related to the peak for εd = ω2 = 8 (but not to
the main peak for εd = 0). It is worth noting that
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although the frequenies ω1 and ω2 are not equal to 5
or 11 we observe the sideband peaks for these values
of εd. In general we observe sideband peaks for εd =
±k1ω1 ± k2ω2, where k1 and k2 are integer numbers.
The struture of the d urrent urves are reeted also
in the harge aumulated on the QD (upper panel).
The harge dereases with εd but there are many steps
whih are related to the urrent sideband peaks. Also
additional sidebands i.e. points A1, A2 and B1 from the
lower panel, are visible on the harge urve (Fig. 1, upper
panel, thik line).
 0
 0.02
 0.04
0 2 4 6 8 10
j 0
 ∆1, ∆2=10-∆1
εd=5, ∆2=0
εd=5, ∆1=0
εd=5
εd=10
j 0j 0j 0
Fig. 2. The d urrent as a funtion of the amplitude ∆1 (∆2 =
10 −∆1) for εd = 5 (thik line) and εd = 10 (thin line), ω1 = 3,
ω2 = 8. The thin (thik) broken line orresponds to one external
perturbation ase ∆1, ω = 3 with∆2 = 0 (∆2, ω = 8 with ∆1 = 0)
and εd = 5; µL = −µR = 0.1, Γ = 0.2.
Next, in Fig. 2 we study the d urrent as a funtion
of the driving strengths (amplitudes) of two external
perturbations applied to the system. For the seond
signal the driving strength dereases with the amplitude
of the rst perturbation, i.e. ∆2 = 10 − ∆1. The thik
(thin) solid line orresponds to εd = 5 (εd = 10). As
one an see for εd = 10 the d urrent is very small
and almost independent on the amplitudes ∆1 and ∆2.
This onlusion is valid for every εd whih is not any
ombination of ω1 and ω2. For εd = 5 (εd = ω2 − ω1)
the urrent is minimal for ∆1 = 0 and ∆1 = 10 but
for the mixed regime of ∆1 and ∆2 it is haraterized
by a loal maximum, f. thik solid line. This is a very
interesting eet beause one an ontrol the urrent
owing through the system by applying additional time-
dependent perturbation. Note, that the maximal value
of the urrent is a few times larger than for the ase of
one external perturbation, i.e. for ∆1 = 0 or ∆1 = 10.
For only one external perturbation applied to the system
the d urrent is shown by the broken lines - the thin line
for ∆2 = 0 as a funtion of ∆1 (ω = 3) and the thik one
for ∆1 = 0 as a funtion of ∆2 (ω = 8), εd = 5. One an
onlude that one external perturbation slightly hanges
the urrent in this ase. It onrms that the urrent
maximum, whih appears for εd = 5 (thik solid urve),
is due to a ombination of two external perturbations
applied to the system. The similar onlusions are valid
for other εd = ±k1ω1 ± k2ω2 (k1,2 6= 0).
 0
 0.05
 0.1
 0.15
      
-12
-6
 0
 6
 12
ε d
 0
 0.05
 0.1
 0.15
0 2 4 6 8 10
ω2
-12
-6
 0
 6
 12
ε d
Fig. 3. (Color online) The d urrent as a funtion of εd and ω2
for ∆1 = 0, ∆2 = 8 (one external perturbation - upper panel) and
∆1 = 3, ∆2 = 8 (two external perturbations - lower panel). The
other parameters are: ω1 = 3, µL = −µR = 0.1, Γ = 0.2.
To analyze the struture of sidebands peaks for
polyhromati perturbations in Fig. 3 we show the d
urrent as a funtion of the QD energy level, εd, and the
frequeny of external perturbation ω2 for ∆1 = 0 (only
one perturbation applied to the system with ∆2 = 8)
- upper panel, and for two external perturbations with
∆1 = 3, ω1 = 3, ∆2 = 8 - lower panel. For one, as well
as for two time-dependent perturbations applied to the
system we an distinguish between the adiabati regime
for ω2 ≤ 1 and the non-adiabati one for ω2 > 1. For
ω2 > 1 one an observe the main urrent peak for εd = 0
and sidebands whih are visible for εd = ±kω2. The
situation is more omplex for two external perturbations
applied simultaneously to the QD (∆1 = 3, ω1 = 3,
∆2 = 8). One observes that eah light line from the
upper panel possesses satellite lines whih are loalized
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in the distane ±kω1 from the original lines. Thus we
observe very reah struture of the d urrent in the
presene of polyhromati perturbations.
2.3 Results: Transmission asymmetry and
phase dependene
For one external perturbation applied to a QD as
well as for two external perturbations with the same
frequenies one observes fully symmetri urrent urves
around the value εd = 0. However, for two external
time-dependent perturbations the d urrent (or the
transmission) an be asymmetrial whih appears for
the ase of ommensurate frequenies. In Fig. 4 we
show the d urrent obtained for the frequeny ratio
ω2/ω1 = 2, 1 and 0.5 using the transmission relations,
Eq. 18, (solid lines) and for the ase where there is an
innitesimal shift of the frequeny ratio from an integer
number, Eq. 19 (broken lines), e.g. for ω2/ω1 = 2 we set
ω1 = 3 and ω2 = 5.999. Note, that all broken urves
in Fig. 4 are symmetrial. The solid lines, however, are
asymmetrial around εd = 0 exept for the ase ω1 = ω2.
Notably, for ω1 = ω2 the system is equivalent to a single,
eetive external perturbation ase with the eetive
driving amplitude, ∆ = ∆1 + ∆2, and thus the urrent
urves render themselves symmetrial again. The urrent
obtained for inommensurate frequenies diers from the
ones of ommensurate frequenies. It is worth noting
that the struture of the d urrent urves for xed ωi
depends on the amplitudes of external perturbations but
the positions of peaks remain unhanged.
 0
 0.05
 0.1
 0.15
-9 -6 -3 0 3 6 9
 
j 0
 εd 
ω2/ω1=2
ω2/ω1=1
ω2/ω1=0.5
Eq. 18
 
j 0
Eq. 19
 
j 0
 
j 0
 
j 0
 
j 0
Fig. 4. The d urrent as a funtion of εd obtained for
ommensurate frequeny ratios ω2/ω1 = 2, 1 and 0.5 aording
to Eq. 17 with the transmission given by Eq. 18 (solid lines) and
for a slightly o-ommensurate frequeny; i.e., ω1 = 3, ω2 = 5.999,
see Eq. 19 (broken lines). All parameters are the same as in Fig. 3.
Next, it is neessary to explain the transmission
and urrent asymmetries for the ase of ommensurate
frequenies. In this ase to obtain the transmission one
should use Eq. 18 whih is expressed by means of four
Bessel funtions, an energy dependent fator and the
Kroneker Delta funtion. For ommensurate frequenies
this Delta funtion produes o-diagonal elements of
the Bessel funtions whih are multiplied by the energy
fator. The energy fator depends on the order of the
Bessel funtions and introdues asymmetry for positive
and negative values of εd (it means that the energy
fator possesses dierent values for positive and negative
integer order of the Bessel funtions). The o-diagonal
elements of the Bessel funtions are also responsible for
dierent values of the d urrent obtained for ω2/ω1 = 1,
aording to Eq. 18 and Eq. 19. It is worth noting that
in our alulation we assume that the QD energy level is
driven aording to the formula with the osine funtion
(i.e. the osine funtion is an odd funtion) and the
external time-dependent perturbation satises the time-
reversal symmetry, a(t) = a(−t).
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Fig. 5. The transmission versus the energy for two external
perturbations applied to the QD (ω1 = 3, ω2 = 6, ∆1 = 3,
∆2 = 8) with phases: φ1 = φ2 = 0, pi/2, pi (upper panel) and
φ1 = 0, pi/4, pi/2 and φ2 = 0 (lower panel).
In Fig. 5 we show the transmission for nonzero phase
fators of the external perturbations i.e. φ1 and φ2, f.
Eq. 3. The upper panel shows the results for the ase
when both phases are hanged in the same way i.e.
φ1 = φ2. For φ1 = 0 (thin solid line) the asymmetry
in the transmission is observed, f. also Fig. 4. If both
phases are equal to π/2 (broken line) the transmission
is symmetrial (as a funtion of the energy) - in that
ase the external signals are sinuses. For φ1 = π
the transmission is asymmetrial again. The period of
the external perturbation for the ase of the same
phases, φ1 = φ2, is equal to 2π. The situation is
somewhat dierent when the phase of one external
perturbation is onstant (φ2 = 0 - lower panel). Here,
only for φ1 = π/4 the transmission is symmetrial but
for φ1 = 0 and π/2 this funtion is asymmetrial.
Note, that the above onlusions are valid for the
ase of ommensurate frequenies. For inommensurate
frequenies the transmission urves are symmetrial, f.
Fig. 4. Moreover, as one an see, the transmission urves
in the upper and lower panels are the same, only the
phases of external perturbations are dierent. It means
that the same eet an be obtained by hanging only
one phase parameter instead of driving both phases
simultaneously.
3. Double quantum dot system and pumping
eet
The asymmetry eet in the transmission obtained
in the previous setion an be used to onstrut a
single eletron pump [12℄ based on a two-level fully
symmetrial system with no soure-drain and stati bias
voltages applied to the system. In this setion we analyze
the eletron transport through a double quantum dot in
the presene of external perturbations. The Hamiltonian
of our system an be written as follows, in lose analogy
to Eq. 1 and Eq. 2; i.e.,
H0 =
∑
~kα=L,R
ε~kαc
+
~kα
c~kα + ε1(t)c
+
1 c1 + ε2(t)c
+
2 c2 , (22)
V =
∑
~kL
V~kLc
+
~kL
c1 +
∑
~kR
V~kRc
+
~kR
c2 + V12c
+
1 c2 + h.c. (23)
where V12 is the tunnel oupling (hopping term) between
two QD sites. As before, we assume that there are only
two external perturbations applied to the system and one
an write the following time dependene of the quantum
dot energy levels:
ε1(t) = ε1 +∆1 cos(ω1t) + ∆2 cos(ω2t) (24)
ε2(t) = ε2 +∆1 cos(ω1t+ φ) + ∆2 cos(ω2t+ φ) (25)
where φ is the phase dierene between the external
perturbations applied to the rst and the seond QD
sites whih play a similar role as dipole fores in one
external harmoni eld ase, f. [7, 9, 10℄. We stress,
however, that here the driving is hosen uniform in the
sense that the amplitudes strengths for the driving of
the two dots are idential. Note, that the role of phase
dierene between the rst and the seond external
perturbation was onsidered in [13℄ for bi-harmoni
perturbations and here we onentrate on the phase
dierene between both QD sites. The main reason
we omit the phase dierene between both external
perturbations is that in the presene of spatial symmetry
(ε1 = ε2, µL = µR; i.e., in absene of a stati gate
voltage and a soure-drain voltage), it is impossible to
pump eletrons through the system. By introduing the
phase dierene aording to Eq. 24 and Eq. 25, we
hange the symmetry at the rst and the seond QD
sites and thus eletrons an be pumped in the presene
of external perturbations and spatial symmetry. The
general formula for the time-dependent urrent owing
from the left eletrode an be written as follows:
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jL(t) =
∑
~kL
n~kL(t0)
(
Γ|U1,~kL(t)|
2 + ImV˜~kL,1(t)U1,~kL(t)
)
+
∑
~kR
n~kRL(t0)Γ|U1,~kR(t)|
2
(26)
where V~kL,1(t) is dened by Eq. 15 and the evolution
operator matrix elements satisfy the following set of
dierential equations (and similar for U1(2),~kR):
∂
∂t
U1,~kL(t) = −iV12e
i(ε1−ε2)tei(f1−f2)U2,~kL(t)
−iV~kLe
i(ε1−ε~kL)teif1 −
Γ
2
U1,~kL(t) (27)
∂
∂t
U2,~kL(t) = −iV12e
i(ε2−ε1)tei(f2−f1)U1,~kL(t)
−
Γ
2
U2,~kL(t) (28)
where f1 =
∆1
ω1
sin(ω1t) +
∆2
ω2
sin(ω2t), f2 =
∆1
ω1
sin(ω1t+
φ) + ∆2ω2 sin(ω2t + φ). Note, that for φ = 2πk, and the
same on-site energies ε1 = ε2 = εd, one an obtain the
d urrent and the transmission analytially. In this ase
the urrent satises the Landauer formula and the time-
averaged left-right and right-left transmissions are equal.
This result is due to the above mentioned hosen uniform
driving strengths. For inommensurate frequenies of the
external perturbations the formula for the transmission
simplies and an be written as follows:
T (ε) = Γ2
∑
m1
∑
m2
V 212 × (29)
J2m1
(
∆1
ω1
)
J2m2
(
∆2
ω2
)
(
(εd − ε+Ω)2 −
Γ
2
2
− V 212
)2
+ Γ2(εd − ε+Ω)2
where Ω = ω1m1+ω2m2. For the ase of ommensurate
frequenies the formula for the transmission assumes no
simple transparent from, but is similar to Eq. 18. Note,
that also for φ = 0 and ε1 6= ε2 it is possible to analyze
the set of dierential equations analytially, Eq. 27
and Eq. 28, however the solution is rather omplex.
Generally, i.e. for φ 6= 0 and ε1 6= ε2 we solve the
set of dierential equations for U1(2),~kL(R) numerially,
then put the solution into the relation for the urrent,
Eq. 26, and time-average it over the ommon period
of external perturbations. Thus, this proedure an be
applied only for the ase of ommensurate frequenies.
In our alulations we onentrate mainly on the phase
dierene eet as it an lead to the eletron pumping
in the system with no soure-drain and stati bias
voltages. We take into onsideration phase dierene,
φ, between QD sites and for φ = π/2 it leads to a
dipole-like parameterization (the osillations are out of
phase). The similar two-level system under the inuene
of one external perturbation for the ase of high bias
voltage, ε1 << ε2, was investigated in Ref. [34℄ and in
the presene of phase dierene between both external
perturbations and dipole driving fores in Ref. [13℄.
If only one external perturbation is applied to the
double dot system, the phenomenon eletron pumping
does not our for the ase of spatial symmetry ε1 = ε2,
[7℄. For nonzero gate voltage and φ = π/2 (i.e. in
the presene of the phase and spatial asymmetry) the
urrent an ow through the system, Ref. [34℄, but if
there is no phase dierene between both QD sites,
φ = 0, the urrent vanishes again. In order to analyze the
role of polyhromati perturbations on the symmetrial
system i.e. ε1 = ε2 = 0 (no applied stati gate voltages)
we depit in Fig. 6 the d urrent as a funtion of the
driving amplitude, ∆2, for two external signals and for
the phase dierene between QD sites φ = 0 = 2π (thik
broken line), φ = π (thin broken line) and φ = π/2 (solid
line). For ∆2 = 0 the urrent is zero, independent on
the phase φ; in this ase only one external perturbation
is ating and no symmetry breaking taking plae. For
two external perturbations, and for no phase dierene
between the rst and the seond QD sites, the urrent
also does not ow, being equal to zero for all ∆2 (thik
broken line). However, for φ ∈ (0, 2π) the urrent ows
although there is no voltages applied to the system.
In that ase, we realize a sort of a quantum pump
whih works only in the presene of two time-dependent
perturbations, implying that generalized parity is broken
in a dynamial way [7, 13℄. Note, that depending on the
phase dierene between both QD sites the d urrent
an be positive or negative, f. the broken and solid lines.
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Fig. 6. The d urrent owing through the double QD symmetrial
system under the inuene of two external perturbations versus the
amplitude ∆2 for the phase dierene φ = 0 = 2pi (thik broken
line), φ = pi (thin broken line) and φ = pi/2 (solid line). The
other parameters are ω1 = 3, ∆1 = 3, ω2 = 6, V12 = 1, Γ = 0.2,
ε1 = ε2 = 0, µL = µR = 0.
A remaining question is how the pump urrent
depends on the phase dierene between both QD sites.
In Fig. 7 we depit the d urrent owing through a
double QD symmetrial system (ε1 = ε2 = 0) as a
funtion of the (relative) phase φ for three values of the
driving strength of the seond perturbation, i.e. ∆2 = 3
(solid line), ∆2 = 6 (thik solid line) and ∆2 = 9
(broken line). In ase of zero phase dierene, φ = 0, 2π,
the urrent is zero although two external perturbations
are applied to our system, f. also Fig. 6. For values
of φ dierent from φ = 0, 2π a nite pump urrent
ows through the double dot system: Depending on the
relative phase it an be either positive or negative.
-0.02
 0
 0.02
 0.04
0 0.5 1 1.5 2
j 0
 φ [pi]
∆2=9
∆2=6
∆2=3
j 0j 0
Fig. 7. The d urrent as a funtion of the phase dierene φ
for two external perturbations ω1 = 3, ∆1 = 3, ω2 = 6 and for
∆2 = 3 (solid line), 6 (thik solid line) and 9 (broken line). The
other parameters are: V12 = 1, Γ = 0.2, ε1 = ε2 = 0, µL = µR = 0.
It is also possible to stop the pumping urrent all
together for spei values of φ. Note, that for very large
amplitudes of external perturbation, ∆2, the urrent
takes on positive values for almost for all φ, f. the broken
line.
4. Conlusions
Time-dependent eletron transport through a quantum
dot and double quantum dot system in the presene of
polyhromati perturbations has been studied within the
evolution operator method. The QD has been oupled
with two eletrodes and external, time-dependent energy
perturbations have been applied to the entral region.
Analytial relations for the d urrent owing
through the system, Eq. 20 and the harge aumulated
on a QD, Eq. 21, have been obtained for inommensurate
external perturbations. Also the analytial relations
for the transmission have been derived, Eq. 18 for
ommensurate frequenies and for inommensurate
frequenies, Eq. 19. It has been found that sideband
peaks appear for εd =
∑n
i=1±kiωi where ki is an integer
number and n stands for the total number of external
perturbations. For the ase of two external perturbations
this ondition an be written as εd = ±k1ω1± k2ω2 and
e.g. for ω1 = 3 and ω2 = 8 additional peaks appear
for εd = 2, 5, ..., f. Fig. 1. In the presene of external
perturbations one an ontrol the d urrent by hanging
the amplitude strengths of the ating perturbations, f.
Fig. 2. In the presene of multiple external perturbations
the urrent is haraterized by satellite peaks, f. Fig. 3
for two ating energy perturbations.
Moreover, the d urrent obtained for ommensurate
frequenies, e.g. for bi-harmoni perturbations, strongly
diers from that one obtained for slightly dierent
from ommensurate frequenies, f. Fig. 4. Also the
asymmetry in the transmission and the d urrent versus
the quantum dot energy level ǫd for ommensurate
frequenies ase is deteted, see in Fig. 5. This
asymmetry appears only for ommensurate external
perturbations applied to the system and is related to a
phase dierene between time-dependent perturbations.
For a double QD system the analytial formula for the
transmission has been obtained for inommensurate
frequenies, Eq. 29. Also a eletron quantum pump
based on a fully symmetrial double QD system has
been proposed in absene of soure-drain voltages and
stati bias voltages for whih the pump urrent varies as
a funtion of relative phase shift φ, f. Fig. 6 and Fig. 7.
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